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Abstract 

Let 'f - Spec(^) and be a complete discrete valuation ring of mixed characteristic (0, p). For 
any flat 7?-scheme ^ we prove the compatibility of the de Rham fundamental class of the generic 
fiber and the rigid fundamental class of the special fiber We use this result to construct a syntomic 
regulator map reg^^^ : CH'{X j'Y , 2i - n) — > when ^ is smooth over R, with values 

on the syntomic cohomology defined by A. Besser Motivated by the previous result we also prove 
some of the Bloch-Ogus axioms for the syntomic cohomology theory, but viewed as an absolute 
cohomology theory. 
MSC: 14F43, 14F30, 19F27. 

Introduction 

Let y - Spec(/?), with R a complete discrete valuation ring of mixed characteristic and perfect 
residue field. Given ^ an algebraic 1^-scheme one can consider the de Rham cohomology of its 
generic fiber and the rigid cohomology of its special fiber . These two cohomology groups 
are related (see [BCF04, §6]) by a canonical cospecialization map cosp : H".^^(J%'i,) — > H'^^^(^k) 
(not an isomorphism in general). There is also a notion of rigid and de Rham cycle class. The 
starting result of this paper is the compatibility of this cycle classes w.rt. the cospecialization map 
(see 1.6 for the precise statement). 

In the case ^ is smooth (possibly non-proper) over Y we get the following corollary (see Cor 1.7): 
let spcH '■ CH*{^k) ® Qt ^ CH*{^k) ® Q be the specialization of Chow rings constructed by 
Grothendieck in [SGA6, Appendix], then the following diagram is commutative 

CH%TkIK) ® Q ^^^^^ H-^iiS^K) 

spcH sp 

where //jr (resp. 77,ig) is the de Rham (resp. rigid) cycle class map and sp is the Poincare dual of 
cosp. 

In the proof we use the main results of [BCF04], [BLR95] and [Pet03]. 

This result can be viewed as a generalization of a theorem of Messing [GM87, Theorem B3.1] 
where he further assumes ^ to be proper (not only smooth) over In that case rigid cohomology 
coincides with the crystalline one and the map sp is an isomorphism ([Ber97b]). 

This compatibiUty result is the motivation for an alternative construction of the regulator map 
(see Prop. 1.13) 

reg,,,„ : CH\^'/y, 2i - n) ^ //;„(^, 

with values in the syntomic cohomology group defined by Besser in [BesOO] (for ^ smooth over 
y). For this proof we use an argument of Bloch [BI086] and the existence of a syntomic cycle class 
(see Prop. 1.9). 

The aforementioned results motivated us to investigate further the properties of the syntomic 
cohomology. We are not able to formulate even the basic Bloch-Ogus axioms using Besser's 
framework. Thus we followed Bannai's interpretation of syntomic cohomology as an absolute one 
[Ban02]. To this aim we define a triangulated category of p-adic Hodge complexes, pHD (see 
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Def. 2.5). An object M of pHD can be represented by a diagram of the form M^g — » Mk ^ Mjr 
where M? is a complex of /iT-vector spaces endowed with a Frobenius automorphism when ? - rig 
and with a filtration when ? = dR. On pHD there is a naturally defined tensor product and we denote 
the unit object of pHD by K. The main difference w.r.t. [Ban02] being that the maps in the diagram 
are not necessarily quasi-isomorphisms. 

From [BesOO] we get (in Prop. 5.7) that there are functorial p-adic Hodge complexes Rr(J^) 

inducing the specialization map in cohomology (i.e., taking the cohomology of each element of the 
diagram). Meanwhile we show how the constructions made by Besser may be obtained using the 
theory of generaUzed Godement resolution (also called the bar resolution). In particular we use the 
results of [vdPS95] in order to have enough points for rigid analytic spaces. Further we consider the 
twisted version Rr{^){i), which is given by the same complexes, but with the Frobenius (resp. the 
filtration) twisted by ; (see Remark 2.9). 

Then we prove (see Prop. 5.10) that the syntomic cohomology groups H"y^{^,i) of [BesOO] 
are isomorphic to the (absolute cohomology) groups H"^^^J(,%' , i) :- Hom^HD(K, ^r(=^)(0[n])- This 
result generalizes that of [Ban02] (which was given for some particular ^-schemes with good com- 
pactification) to any smooth algebraic 1^-scheme. 

For this absolute cohomology we can prove some of the Bloch-Ogus axioms. 
In fact we construct a /?-adic Hodge complex RTc{J^){i) related to rigid and de Rham cohomology 
with compact support. So we can define an absolute cohomology with compact support functorial 
with respect to proper maps H'\^^ , i) '■- HompHD(K, RTc{,'^){i){n\) and an absolute homology 
theory //f^(jr,0 := Hom^HD(^rc(^)(0[«], K). 

We want to point out that the above constructions are essentially consequences of the work done 
by Besser and Bannai, but it seems hard to prove the following results without the formalism of 
Godement resolutions we develop in § 3: let be a smooth scheme over 'y, then 

(i) there is a cup product pairing 

HK^, ® HIJS^, j) //--(^, / + ;■) 

induced by the natural pairings defined on the cohomology of the generic and the special fiber 
(see Cor 6.4); 

(ii) there is a Poincare duality isomorphism (see Prop. 6.5); 

(iii) there is a Gysin map, i.e. given a proper morphism / : j?r — » of smooth algebraic i^- 
schemes of relative dimension d and e, respectively, then there is a canonical map 

f,:H:^S^:,i)^H:^^\'3^J + c) 

where c - e — d (see Cor. 6.7). 

Notation In this paper 7? is a complete discrete valuation ring with fraction field K and residue 
field k, with k perfect. We assume char{K) = and char{k) - p > 0. 

We denote by Rq the ring of Witt vectors of k and Kq is its field of fractions. The Frobenius of 
Ko is denoted by cr. 

The category of bounded complexes of /T- vector spaces is denoted by C^{K). 
If y is a /T-vector space, then is the dual vector space. 

We use X, Y, ... for schemes over k or K; <Y, J/, ... for /T-analytic spaces; P,Q for formal K- 
schemes and Pk,Qk for the associated Raynaud fibers; !SJ for (algebraic) 1^-schemes, where 
y - Spec(/?). Finally, the p-adic completion of a 7^-scheme ^ will be denoted by Sf^ . 

1 Cycle classes 

-1.1 (Higher Chow groups). Following Bloch [BI086] we recall the definition of the higher Chow 
groups CH*{XIK, *) of a /T-scheme X. 
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For any n < let A" = Spec(Z[fo, ...,?„]/(!],■ f/ - 1)) with face maps : A" A"+', which in 
coordinates are given by (9,(«)(fo, t„) = (to, .., f,-i, 0, f,+i, .., t„). Let X be a smooth /T-scheme of 
relative dimension d (this hypothesis is not necessary, but we deal only with smooth schemes). Let 
zf{X/K,Q) be the free abelian group generated by the irreducible and closed sub-schemes of X of 
codimension q. We denote by z''{X/K, n) the free abelian group generated by the closed sub-schemes 
W c AJ(, : = X X A" such that W 6 z''{A"^/K, 0) and meets all faces properly: i.e., if F c A^ is a face 
of codimension c, then the codimension of the irreducible components of the intersection F nW is 
greater than or equal to c + on AJ. 

Using the differential 2,(-l)'5*(n) : zf'{X/K,n + 1) ^ z''{X/K,n) one obtains a complex of 
abelian groups zHX/K, *). We set r^(^) z''(X/K, 2q - i) and 

CH''{X/K,2q-i):^H'(rx{q)). 

these groups are in fact isomorphic to the Voevodsky-Suslin motivic cohomology H'^^^^,{XIK, q) of 
the generic fiber X ([MVW06, Theorem 19.1]). 

Remark 1.2 (Relative cycles). Let ^ be an algebraic and flat "^-scheme. By the theory of rela- 
tive cycles [SVOO] one can define the group z?{S(^ I'Y , 0) to be the free abelian group generated by 
universally integral relative cycles of codimension q (we can use the codimension because is 
assumed to be equidimensional over "f). By [Ivo05, Part I, Lemma 1.2.6] zf{^/y,Q) is the free 
abelian group generated by the closed sub-schemes W 'Z X which are integral, of codimension 
q and flat over y . Then we can define the groups z?{X li^ ,n) as follows: let z?{!X j"V ,n) be the 
free abelian group generated by the integral and flat 1^-schemes W e z''(A^,0) meeting all faces 
properly and such that 5,(n -YfW is flat over 'V for all /. Thus we can form a complex 2^(^/1^, *) 
using the same boundary maps of z'^iXjK, *). 

Definition 1.3. With the above notation we define the higher Chow groups of over to be 

CH%rir,2q-i):^H'{Tx{q)) 
where r^.^^(^) := zH. ^ir, 2q - i). 

Remark 1.4. (i) Recall that by Lemma 5.1 any closed and flat sub-scheme of ^ is completely 
determined by its generic fiber. Then z!^(^ /Y, *) is a sub-complex of zf'{^K/K, *) inducing 
a canonical map in (co)-homology 

r : CH%Tir,2q - i) := H'(Ts^ir{q)) CH'>{3^KlK,2q - i) . 

(ii) It follows easily by the Snake lemma that, for / - 2q, the map y : CH'^i^ /y,Q) 
CH^{J^kI K,Qi) is surjective. In the general case with don't know wether this map is injec- 
tive or surjective. 

-1.5 (De Rham and rigid fundamental/cycle classes). In the following we refer to [Har75, BCF04, 
Pet03] for the definitions and the properties of the (algebraic) de Rham and the rigid cohomology 
theory. 

Let W be an integral scheme of dimension r over K (resp. over k). Then we can associate to W its 
de Rham (resp. rigid) fundamental class which is an element of the dual of the top de Rham (resp. 
rigid) cohomology with compact support 

[H']dR = trdR G H^^,,(HO^ , resp. [W],,^ - tr,ig E H%,^{WY . 

For the de Rham cohomology this class is first defined in [Har75, §7] as an element of the de Rham 
homology; by Poincare duahty [BCF04, Theorem 3.4] it corresponds to the trace map. The rigid 
case is treated in [Pet03, 
SS2.1,6]. 

Now let X be a /iT-scheme (resp. A:-scheme) of dimension d and w - 2/ fiiWi € z!^{X/K, 0) (resp. 
€ zf{X/k, 0)) be a dimension r cycle on X. The cohomology with compact support is functorial with 
respect to proper maps, hence there is a canonical map 
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where |w| = U, is the support of w and ? — dR, rig accordingly to the choice of the base field. With 
the above notations we define the de Rham (resp. rigid) cycle class of w as 



M7 := / 



E //?;(|w|)^ 



? = dR,rig. 



Again by functoriality this defines an element of 

Let be a flat l^-scheme and let w e 7?{3(^ I'Y , 0) be a relative cycle. We can write w - 2; niWi, 
where W; is an integral flat "^-scheme closed in ^ and of codimension q. Then w defines a cycle 
wk 6 z^{^kIK,Q) (resp. E z''{^k/k,0)): on the generic fiber we get simply wk - Yji'^iO^dK- 
However, on the special fiber we must write the irreducible decomposition of each {Wif^'^, say 
Wi^\ U ■ • ■ U Wij., and then consider the multiplicities, i.e.. 



mi.jWij 



where m, ^ := length ■ 

We can consider the de Rham and the rigid cycle classes of w, i.e.. 



[wddR6//dRc(|v^^l)' 



Note that the the rigid homology groups H"^{\wk\) are defined as the dual of H^{g^(\wk\) (cf. [Pet03, 
§2]). We are going to prove that these cycle classes are compatible under (co)-specialization and 
that they induce a well defined syntomic cohomology class. 

Theorem 1.6 (Cycle class compatibility). Let he aflat 'V -scheme of relative dimension d and 
let w 6 zf'i^^ ly ,0) be a relative cycle of codimension q (and relative dimension r — d — q). Then 
cosp{[wk\ni) = [wk]ar- 

Proof. First of all consider the basic case: w = is an integral closed sub-scheme of smooth 
over 'f . By [BCF04, Proof of theorem 6.9] we have a commutative diagram 



Hi 



klK). 



K 

where [wA-lrig (resp. [wA:]dR) is the rigid (resp. de Rham) trace map and it is an isomorphism of 
/T- vector spaces. 

Given a general relative cycle w we can reduce to the basic case by arguing as follows. First 
by linearity and the functoriality of the specialization map we can restrict to the case w - W with 
W integral. Then the generic fiber Wk is integral and by [EGA4.4, Prop. 17.15.12] there exists a 
closed /T-sub-scheme T such that Wk \T is smooth over K. Let £^ be the flat extension of T (see 
Lemma 5.1), then is of codimension > 1 in and the complement W \ is a flat 1^-scheme of 
relative dimension r. Consider the long exact sequence 

• --HlkliT) - Hl^A^K \ ^k) ^ hI^^^{Wk) ^ //,\,(r) . • . . 

Note that here the first and last terms vanish for dimensional reasons. The same happens {mutatis 
mutandis) for the rigid cohomology of the special fiber. 

Hence from now on we can assume that W is integral and that its generic fiber Wk is smooth. 
In this setting we apply the Reduced Fibre Theorem for schemes [BLR95, Theorem 2.1']: i.e., there 
exist a finite field extension K' /K and a finite morphism f : '3^ ^ W Xy Y' of l^'-schemes such 
that 

(i) fK' ■ — > Wk' is an isomorphism; 

(ii) is flat and has reduced geometric fibers. 
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Recall that the co-specialization map commutes with finite field extension and the same holds 
for the rigid and the de Rham trace map. By [Pet03, Proof of Prop. 6.4] the rigid fundamental/cycle 
class is preserved by finite morphisms, i.e., 

m-h, o /;, = m'h, , /; : H^[,,.m') 

From the above discussion there is no loss of generality in assuming that W has reduced geometric 
fibers and smooth generic fiber Wk- Now let S be the singular locus of the special fiber 'Wk. Again 
by [EGA4.4, Prop. 17.15.12] the complement \ 5 is an open and dense sub-scheme of and it 
is smooth over k. The scheme S has codimension > 1 in Wk, hence H^/ ^{Wk \ 5) — » H^^'^ JC^k) is an 
isomorphism. From this follows that we can assume W to be smooth over 'f where we know that 
the claim is true. □ 

From now on assume !X to be smooth over 7^. By the compatibility of (co)-specialization 
with Poincare duality [BCF04, Theorem 6.9] the (de Rham or rigid) cycle class map defines an 
element 77i-ig(w^.) e ^^^^.J^.'^klK) (resp. rjiYtiwK) e ^^^r compatible with respect to the 

specialization morphism 

SpimviWK)) = '7rig(WA) . (1) 

Before stating the next corollary we need to introduce some further notation. Let X be a smooth 
scheme over K (resp. over k), then the de Rham (resp. rigid) cycle class map factors throw the Chow 
groups inducing a map 

77dR : CHHXIK) ^ H~^^{X) (resp. /yrfg : CHHXIk) ^ H^^(X/K)) 

where, by abuse of notation, 7]dR{W) (resp. ?7rig(W)) is viewed as an element of H^^{X) (resp. 
H;1{XIK)) via the canonical map hII^{X) ^ H^;^(X) (resp. H^l^(X/K) ^ H^^(X/K)), for any 
W integral sub-scheme of codimension q (See [Har75, Prop. 7.8.1 p. 60] and [Pet03, Cor. 7.6]). 
Also we recall that in [SGA6, Exp. X Appendix] is constructed a speciahzation map for the classical 
Chow ring 

spcH : CH*(^k/K) ® Q ^ CH*(^k/k) ® Q 

Explicitly the map is given as follows. Let W c be an integral scheme of codimension q and 
denote by 1^ its Zariski closure in Then the specialization of spcH[W] is the class representing 
the sub-scheme y^. 

Corollary 1.7. With the above notation the following diagram commutes 



CH''(^k/k)<»( 



(we tensored each term by Q to guarantee the existence of spcn)- 

Proof. Straightforward. □ 

Let now be a smooth ^-scheme. Besser defined the (rigid) syntomic cohomology groups 
i/"yj,(^, (cf [BesOO, Def 6. 1]). We will be rather sketchy on the definitions because we will give 
another construction later. 

For such a cohomology there is a long exact sequence 



(2) 



where h{xQ, x^^) = {(pixT) - p'xo, xo®Ik~ sp{xdR)). 
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Roughly these groups are defined as JT, /) := //"(RFbesC.^, 0). where 

is a complex of abelian groups functorial in ^ and such that 

//"(RTrigC^/ZTo)) = H'^igiM/Ko) , //"(F/mrdR(^)) = H'^^{.3^k) ■ 
The functoriality of RFBesC-, allows us to give the following definition. 

Definition 1.8. Let ^ be a smooth "^-scheme. Let c ^ be a closed sub-scheme of Jt^. 
We define the syntomic complex with support in 3f using the complexes defined by Besser in the 
following way 

RrBes,ir(^',0 := Cone(]RrBe.s(^',0 ^ RTbcsC^' \ iT, /))[-!] 

This is a complex of abelian groups functorial with respect to cartesian squares. This fact will be 
used in the proof of Prop. L 1 3. 

The cohomology of this complex is the syntomic cohomology with support in denoted by 

H%n,^i^^i) := i/"(RrBes,^(^,0) 
so that we get a long exact sequence 

Proposition 1.9 (Syntomic cycle class). Let ^ be a smooth y -scheme let w e z^{3t^ lY ,Q) be a 
relative cycle of codimension q. Let t// : H'^^^^^^{^ ,q) — > H'^^^^^^^^i^l/Ko) X F''H'^^^^^^^(^k/K) be 

the canonical map. Then tj/ is injective and there exists a unique element T/synCw') £ ^syn ' ^-^ 

such that l//(T]syn(w)) = (??iig(WA:), ??dR(WA:))- 

Proof. By the definition of syntomic cohomology with support there is a long exact sequence similar 
to (2) 

• • • - hZiU^I/Ko) ® HZ;,^^m/K) /^J; q) 

The last term on the left vanishes because of weak purity in rigid cohomology [Ber97b, Cor. 5.7]. 
It follows that H^^^ |,^,|( J", q) consists of the pairs {x,y) € H^'^ ^^^_^^(.XklKQ) x piH^^ ^^^^{S^kIK) such 

that cl,{xn = p"x and sp{y) = ^ ® U. By Hodge theory Fm^l^^^J^K/K) = hII^^J^k/K). 
Moreover the Frobenius acts on [vv^Jrig by multiplication for p^' (see [Pet03, Prop. 7.13]). Hence we 
can easily conclude the proof by (1). □ 

Lemma 1.10 (Functoriality). Let f : 3^ be a closed immersion of smooth Y -schemes and 

let w € z''(^ /y,0) be a relative cycle of codimension q. Assume that the pre-image f^^w lies in 
zH^l^'/rM then /*/7sy„(w) = %yn(f-'w). 

Proof. It is not restrictive to assume that vv = is an integral sub-scheme of flat over Y. 

We first show that is sufficient to prove that /*77dR(wA-) - ?;dR(/^>VA:). In fact the syntomic 
cycle class can be viewed as an element (?7rig(wjt), rj^RiwK)) in the direct sum of rigid and de Rham 
cohomology. Then note that sp{riiR(wfc)) = '7i-ig(Wjt)®lA: and that the specialization map is functorial. 

To prove that /*77dR(^^) = '7dR(/ '^) we first reduce by excision to the case where Wk is 
smooth over K (just remove from St^K and the singular points of Wk). In the same way 
we can further assume to be smooth over K. Now we can follow the same proof of [Pet03, 

Prop. 7.1] to conclude. □ 

Lemma 1.11 (Homotopy). The (rigid) syntomic cohomology is homotopy invariant, i.e. 

H"{3irxA'y,q)^H"(.r,q). 
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Proof. Just consider the long exact sequences of syntomic cohomology and note that the de Rham 
cohomology (of smooth schemes) is homotopy invariant by [Har75, Prop. 7.9.1]. The same holds 
for rigid cohomology, for instance using the Kiinneth formula [Ber97a]. n 

Lemma 1.12 (Weak purity). Let he a smooth -scheme. Let c ^ be a closed sub-scheme 
of 2^ of codimension q. Then 

Kyn.ar^^^ = for all n<2q. 

Proof. This follows directly from the long exact sequence of syntomic cohomology and the weak 
purity in de Rham and rigid cohomology ([Har75, §7.2] and [Pet03, §1]). □ 

Proposition 1.13. Let ^' be a smooth "V -scheme. The syntomic cycle class map induces a group 
homomorphism reg^y^ : CH'{^ /y,2i - n) H"^J^,fy ,i). 

Proof. The construction is analogous to that provided in [BI086]. Consider the cohomological dou- 
ble complex RrBes(A^, ^)"', non-zero for m > 0, n < 0; the differential in n is induced by d" in the 
usual way. Similarly define the double complex 

RrBes,supp(A^,?)'" := colim RrBes,|„l(A^,^)'". 

For technical reasons we truncate these complex (non-trivially) 

A';-'" = T„>_^]RrBes,?(A5., ?)'" ? = 0, SUpp 

for even and » 0. 
Consider the spectral sequence 

._ ^"'(^.,«) ^ H"+"'{sA''*) 

where s denotes the associated simple complex of a double complex. By homotopy invariance 
(Lemma 1.11) if™„(A;J,^) is isomorphic to H^^^(^,q) foi -N < n < and m > 0; 

otherwise it is zero. Moreover t/"''" - except for n even, -A^ < « < and m > in which case 
d"{"' = id. This gives an isomorphism //'(iA"-'") s H[^^{^,q). 
In the spectral sequence 

we have 

E'!''" = coUm H'" UA'^,q) foi - N <n<0,m> 0, 

and £i'™pp - otherwise. Applying lemma 1.10 to the face morphisms it is easy to prove that the 
syntomic cycle class induces a natural map of complexes F'^-^^iq) —> £*~ypp^* and hence for all ; a 
map CH''{^ lY , 2q - /) E'^ lupp ■ '■° weak purity the groups ^"'"upp are zero for m < 2q and 
r > 1. Hence there are natural maps fi^ supp* ~* ^^M.iupp ~* ^'^'(■s^supp)- By construction there is map 
//'(iA'upp) H'{sA''*). Composing all these maps we obtain the expected map CH''{^, 2q - i) —> 

Hiy,('^\q). □ 
Corollary 1.14. With the above notation there is a commutative diagram 



hIU^, q) Fm^;^{S^K) H^^i^F.IK) 

where n is the composition //^yn(^, ^ H^^^iSCkl ^o) X F''HI^{5Ck) ^ F''HI^{SCk); y is the map 
described in the remark 1.4. 

Proof. Just note that in this case regj.yj, is the map induced by the syntomic cycle class in the usual 
way. □ 
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2 /7-adic Hodge complexes 



Having defined a regulator map with values into the syntomic cohomology is tempting to check 
(some of) the Bloch-Ogus axioms for this theory. We address this problem by viewing the syntomic 
cohomology as an absolute cohomology theory. 

Thus in this section we define a triangulated category of p-adic Hodge complexes similar to that 
of [Ban02]. See also [Bei86], [Hub95] and [Lev98, Ch. V §2.3]. 

The syntomic cohomology will be computed by Hom groups in this category. 

Definition 2.1 (cf. [Ban02, 2.1]). Let C''^^{K) be the category of pairs (M*, (p), where 

(i) M* - M* ®Ko K where M* is a complex in C''(Ko); 

(ii) (Frobenius structure) Let (Mq)°" :- Mq^o-^Tq. Then ^ : (Mq)°" ^ Mq is a /To-Hnear morphism. 

The morphisms in this category are morphisms in C^{Kq) compatible with respect to the Frobe- 
nius structure. In this way we get an abelian category. 

Definition 2.2. Let Filtj^ be the category of iiT-vector spaces with a descending, exhaustive and 
separated filtration. We denote C''^^{K) - C*(Filt;5-) and we write the objects of this category as pairs 
{M\F), where 

(i) M' is a complex in &{K)\ 

(ii) (Hodge filtration) F is a (separated and exhaustive) filtration on M' . 

Remark 2.3 (Strictness). We review some technical facts about filtered categories. For a full discus- 
sion see [Hub95, § 2 and 3]. 

The category Filt/j- (and also C''^^(K)) is additive but not abelian. It is an exact category by taking 
for short exact sequences that which are exact as sequences of /T-vector spaces and such that the 
morphisms are strict w.rt. the filtrations; recall that a morphism / : (M, F) —> (N, F) is strict if 
f(F'M) = F'N n Im(/). 

An object {M',F) E C^^^iK) is a strict complex if its differentials are strict as morphism of 
filtered vector spaces. Strict complexes can be characterized also by the fact that the canonical 
spectral sequence W{F'') ^ H''^''{M') degenerates at £1. 

One can define canonical truncation functors on C'^„{K): for M* e C'^„{K) let 



T<„(M*,F)' :-- 



M' i < n 

KsT{d") i^n T>niM',Fy :-- 
i > n 



i <n-l 

Coim(^f") / = n - 1 
M' i > n 



It is important to note that for a strict complex (M*, F) the naive cohomology object t<„t>„(M', F) 
agrees with the cohomology H"(M') of the complex of /iT- vector spaces underlying {M',F) (see 
[Hub95,Prop. 2.L3and§3]). 

Remark 2.4 (Comparison/gluing functors). There is an exact functor Orfg : C*g(/r) — » C'^(K) (resp. 
'I'dR : C^iRiK) C'iK)) induced by (M',(/>) M' (resp. (M',F) M'). 

Definition 2.5 [cf. [Ban02, Def. 2.2]). We define the category pHC of p-adic Hodge complexes 
whose objects are systems M - (M'^^, M^^^, M'^, c, s), where 

(i) (M*g, 4>) is an object of C*g(/r) and H*(M^^) is finitely generated over K; 

(ii) (M*j^, F) is an object of C^^(^) and //*(M*^) is finitely generated over K; 

(iii) is an object of C''(K) and c : M*^ — » (resp. s : M'^ M^) is morphism in C'^iK). 
Hence c, s give a diagram in 

A morphism in pHC is given by a system / = (/,-ig, /dR, fx) where /? : M* N' is a morphism 
in C*g(/r), C'^^(K), C'^iK), for ? = rig, dR, K respectively, and such that they are compatible with 
respect to to the diagram in (iii) above. 
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A homotopy in pHC is a system of homotopies /i, compatible with the comparison maps c, s. We 
define the category pHK to be the category pHC modulo morphisms homotopic to zero. We say that 
a morphism / - {fng, fdR, /k) in pHC (or pHK) is a quasi-isomorphism if: /? is a quasi-isomorphism 
for ? = rig, /T; /dR is a filtered quasi-isomorphism, i.e. g^pifiRi is a quasi-isomomorphism. Finally 
we say that M e pHC (or pHK) is acyclic if M? = is acyclic for any ? = rig, dR, K. 

Lemma 2.6. ( i) The category pHK is a triangulated category. 

(ii) The localization of pHK with respect to the class of quasi- isomorphisms exists. This category, 
denoted by pHD, is a triangulated category. 

(Hi) On the category pHD it is possible to define a non-degenerate t-structure (resp. trunca- 
tion functors) compatible with the standard t-structure (resp. truncation functors) defined 
on &{K), Cfig(/:) and C%{K). 

Proof. The proof is the same as [Ban02, Prop. 2.6]. See also [Hub95, §2] for a survey on how to 
derive exact categories. □ 



Remark 2.7. In the terminology of Huber [Hub95, §4] the category pHC is the glued exact category 
:^VviaC^ 



of C* , C'in via C^. The foregoing definition is inspired by [Ban02] where Bannai constructs a rigid 



glued exact category C^^, i.e., the comparison maps are all quasi-isomorphisms. For our purposes 
we cannot impose this strong assumption. This is motivated by the fact that the (co)-specialization 
is not an isomorphism for a general smooth 7^-scheme. 

- 2.8 (Notation). Let M', M" be two objects of pHC. Consider the following diagram KiM', M") 
(of complexes of abelian groups) 

Hom^^((M-)-,M[;) Hom^(M-g,M;,-) Hom^(M-^, m;,') 




Hom^„ (M-,M-) Hom^(M^,M;,-) Hom/(M-^, M^^') 

where /zo(j^o) = xq o (p - ^' o Xq, /!i(xo) - c' o (xq ® id^-), hi{xK) — xk o c, hjixjc) - xk ° s, 
hAix^s) = s' o XdR. Then define the complexes of abelian groups ro(M*,M'*) :=direct sum of the 
bottom row, TiiM' , M") :=direct sum of the top row. Consider the morphism 

il'M-M- ■ ro(M*, M") Ti(M', M") (xo, Xk, XdR) ^ {-hoixo), hi(xo) - h2(xK), h^ixg) - /i4(j^dR)) 

Finally let r(M',M") := Cone(i/rM-,M'-)[-l]- 

Remark 2.9. (i) Let K(-n) be the Tate twist p-adic Hodge complex: K(-n)rig (resp. K(-n)dR, K(-«)) 
is equal to K concentrated in degree zero; the Frobenius is (p{A) :- p"a-{A); the filtration is 
F' - K for / < « and zero otherwise. 

(ii) Given two p-adic Hodge complexes M' and M" we define their tensor product M' ® M" 
component- wise, i.e., (M'^ ® M'^^ , M'j^ ® -^dR*' ^'k ® ^'k ^ c ® c' ,s ® s'). We denote by 
M'in) the complex M' ® K(«). 

(iii) The complex r(K, M'{n)) is quasi-isomorphic to 

Cone(M* ® F''M*p, ^ M* ffi M^)[- 1 ] i]{xo, x^r) = (/?"'XxJ) - xq, c(xo <g) id,^) - s(xdR)) 
where xq € M*, XdR e F"Ml^. 

If c is a quasi-isomorphism, letting sp denote the composition of 

we obtain a long exact sequence 

> W{T{K, M\n))) ^ //«(M*) ® W{F"Ml^) ^ H^iM'o) ® H%Mr ) 
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where r]'(xQ, xar) = {p - jcq, xq ® U - sp{xisy). 

If i is a quasi-isomorphism, letting cosp denote the composition of 



we obtain a long exact sequence 

» W(T{1L, M'in))) ^ H'>(M'^) e W{F"Ml^) ^ W{Ml) ffi H*(M*r) ^ ■ ■ ■ , 

where 77"(xo, XdR) = - xo, coi/:>(xo ® Ik) - XdR)- 

Proposition 2.10 (Ext-formula). With the above notation there is a canonical morphism of abelian 
groups 

Hom,,Ho(M',M'*[«]) s H'\T{M\M")) . 

In particular if M' - M, M" - M' are concentrated in degree 0, H"(T(M, M')) - Ofor n > 2 and 
n<0. 

Proof. By the octahedron axiom we have the following triangle in D^(Ab) 



KeT>l/M-,M'- r(M*,M'*) 
Its cohomological long exact sequence is 



Cokeri/rM-,M'-[-l] 



4 //"(KenAMvM') ^ H"(r(M,M")) ^ ff"(CokeriAM-,M'-[-l]) ^ 

Note that by construction //"(Keri^M-.M'") - HonipHKiM' , M'' [n]). Let / be the family of quasi- 
isomorphisms g : M" M"', then Homp//o(M*, M'*[«]) = colim/ Hom;,HA:(A/*, M"*[«]). Thus 
the result is proved if we show that: 

i) H"iTiM',M")) s H"{r{M\M"')) for any g : M" ^ M'" quasi-isomorphism. 

ii) colim///"(Coken/rM- ,*/"•[-!]) = 0. 

The first claim follows from the exactness of Y{M',—) and the second is proved in [Bei86, 
1.7,1.8] (and with more details in [Hub95, Lemma 4.2.8] or [Ban02, Lemma 2.15]) with the as- 
sumption that all the gluing maps are quasi-isomorphisms, but this hypothesis is not necessary. □ 

Leiiuna 2.11 (Tensor Product). Let M' , M'', /* be p-adic Hodge complexes. For any a e K there is 
a morphism of complexes 

u„ ; r(i', M') ® T{i\ M") -> r(r, m* ® m") 

such that they are all equivalent up to homotopy. 

Proof See [Bei86, 1.11]. □ 



Remark 2.12 (Enlarging the diagram). We recall some results from [Lev98, Ch. V, 2.3.3]. Let 



M' ^ M* (resp. M* «- M* ^ M') be a diagram of complexes in C (K). Let P' - Cone(/ - 
g : M'xM* Ml^)[-l]he the quasi pull-back complex (lesp. Q' - Cone((f, -g) : M' -» M'xM') 

be the quasi push-out). Assume that / is quasi-isomorphism then we have the following diagrams 
commutative up to homotopy 



P' 



/ 



Ml 



■Ml 



Ml. 



Ml 



f 



Ml 



P' 



such that h and k are quasi-isomorphisms. 

Now let pHC be a category of systems (M*^, M*j^, M*, M*, M*, c, s, f, g) similarly to Def. 2.5 
and such that there is a diagram 

/ 



Ml^Ml 



Ml 



Then the quasi push-out induces a functor from the category pHC to the category pHC. This 
functor is compatible with tensor product after passing to the categories pHK' and pHK. 
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3 Godement resolution 



Here we recall some facts about the generalized Godement resolution, also called bar-resolution (we 
refer to [Ivo05], see also [Wei94, §8.6]). 

Let M : f — > X be a morphism of Grothendieck topologies so that P~ (resp. X~) is the category of 
abelian sheaves on P (resp. X). Then we have a pair of adjoint functors (u*, m,), where u* : X~ P~, 
u, : P~ X~. For any object f of X~ we can define a co-simplicial object B*('F) : A — > X~ in the 
following way. First let 77 : idx- — > UtU* and e : u*Ut —> idp- be the natural transformations induced 
by adjunction. 

Endow B"^'(;F) :- (m,m*)"(;F) with co-degeneracy maps 

o-'l := (u,uyu,€u(u,uy-^-' : B"^\r) B"{T) i = 0, ...,« - 1 

and co-faces 

61-'' (m.m*)'77(m,m')"-'' : B"(D ^ B"^HT) i = 0, « . 

Lemma 3.1. With the above notation let sB*{T) be the associated complex of objects ofX~. Then 
there is a canonical map bf : T ^ sB*{'F) such that u*(bjr) is a quasi- isomorphism. Moreover if 
u* is exact and conservative bf is a quasi-isomorphism. 

Proof See [Ivo05, Ch. Ill, Lemma 3.4.1]. □ 

Then for any sheaf T e X~ (or complex of sheaves) we can define a functorial map b-jr : T ^ 
sB*{'F) with sB"{f) :- (utU*)"^^f. We will denote this complex of sheaves by Gdp(;F). In the case 
u* is exact and conservative Gd/)(;F) is a canonical resolution of !F. If f is a complex of sheaves 
on X we denote by Gdp(;F*) the simple complex i(Gdp(;F')^). Often we will need to iterate this 
process and we will write GdliT) := GdpiGdpiT)). 

Now suppose there is a commutative diagram of sites 




and a morphism of sheaves a : ^ — > /»;F where f (resp. ff) is a sheaf on X (resp. Y). 
Lemma 3.2. There is a canonical map Gdg(^) — > /,Gdp(;F) compatible with bf and bg. 

Proof. We need only show that there is a canonical map v*v*^ — > ftU^u'T lifting a. First consider 
the composition Q f^T ftUtU*T. Then we get a map Q — > VtgtU*'^' because v,§« = 
By adjunction this gives v*0 g^u'T. Then we apply v« and use v,g« = /»«, to obtain the desired 
map. □ 

Remark 3.3 (Tensor product). The Godement resolution is compatible with tensor product, i.e., 
for any pair of sheaves T,@ ovi X there is a canonical quasi isomorphism Gdp(;F) ® Gdp(^) — » 
Gdp(;F ® Q). The same holds for complexes that are bounded below. (See [FS02, Appendix A]) 

Definition 3.4 (cf [SGA4.1, Exp. IV, §6]). Let X be a site and Sh(X) be the associated topos of 
sheaves of sets. A point of X is a morphism of topoi n : Set —> Sh(X), i.e., a pair of adjoint functors 
(tt*, TT,) such that n* is left exact. 

Example 3.5. Let X be a scheme. Then any point x of the topological space underling X gives a 
point TT j of the Zariski site of X. We call them Zariski points. 

Let now x be a geometric point of X, then it induces a point for the etale site of X. We call them 
etale points of X. 

Let 'F be a Zariski (resp. etale) sheaf X and P be the set of Zariski (resp. etale) points of X. Then 
the functor T i--> U^^pTn '■- ti'T is exact and conservative. In other words the Zariski (resp. etale) 
site of X has enough points. 
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Definition 3.6 (Points on rigid analytic spaces [vdPS95]). Let A' be a rigid analytic space over K. 
We recall that 2l filter / on /V is a collection {1(0)0 of admissible open subsets of X satisfying: 

(i) -Y 6 /, ^ /; 

(ii) if ^(8 e / then ll^ mi/i e /; 

(iii) if Ka e / and the admissible open contains 1/q,, then e /. 
A prime filter on is a filter p satisfying moreover 

(iv) iflAep and U - U/g/l/. is an admissible covering of 11, then H'^^ E p for some /q e /. 

Let P{?C) be the set of all prime filters of X. The filters on X are ordered with respect to inclusion. 
We can give to P{?() a Grothendieck topology and define a morphism of sites cr : P{X) — > X. Also 
we denote by Pt{X) the set of prime filters with the discrete topology. Let / : Pt{X) — > P{X) be the 
canonical inclusion and ^ - cr o i. 

Remark 3.7. Let p - {Ka)o be a prime filter on X as above. Then p is a point of the site X (see 
Def. 3.4). Using the construction of the continuos map cr of [vdPS95] we get that the morphism of 
topoi 7T : Set —> S h{X), associated to p, is defined in the following way: for any sheaf (of sets) 
on X let n*{'F) - colimQ, Tilla); for any set S and admissible open in X, let 



where denotes the final object in the category Set. In fact with the above notations we get easily 
the adjunction 



Lemma 3.8. With the above notation the functor ^ ' : Sh(X) — > Sh(Pt{X)) is exact and conserva- 
tive. In other words for any p e Pt{X) the functors S h(X) 3 T ^ Tp are exact and — if all 



4 Rigid and de Rham complexes 

We begin this section by recalling the construction of the rigid complexes of [BesOO, §4]. Instead 
of the techniques of [SGA4.2, Vbis] we use the machinery of generalized Godement resolution as 
developed in Section 3. This alternative approach was also mentioned by Besser in the introduction 
of his paper. 

We then recall the construction of the de Rham complexes. 

We call a rigid triple a system {X, X, P) where: X is an algebraic fc-scheme; y : X — > X is an open 
embedding into a proper A:-scheme; X — > P is a closed embedding into a p-adic formal 1^-scheme P 
which is smooth in a neighborhood of X. 

Definition 4.1 ([BesOO, 4.2, 4.4]). Let {X,X, P), (Y, Y, Q) be two rigid triples and let f : X ^ Y 
be a morphism of A:-schemes. Let K (z]X[p be a strict neighborhood of ]X[p and F . K 
be a morphism of /iT-rigid spaces. We say that F is compatible with / if it induces the following 
commutative diagram 




Hom< 



5> = 0. 



Proof. See [vdPS95, §4] after the proof of the Theorem I. 



□ 



]^[p 



F 



]Y[q 



sp 



sp 



X 



f 



Y 



We write Horn f(K, Q^r) for the collection of morphism compatible with /. 
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The collection of rigid triples forms a category with the following morphisms; Hom{{X, X, P), (Y, Y, Q)) 
the set of pairs (/, F) where f : X Y is a A:-morphism and F e colim^/ Hom/CZ/, Q). We denote 
it by RT. 

Proposition 4.2. (i) There is a functor from the category of algebraic k-schemes Sch/k 

(Sch/kr -> C(Ko) X ^ RTn^iX/Ko) 

such that H' (RTn„{X / Kq)) = H'^^^(X/Ko) . Moreover there exists a canonical cr-linear endo- 
morphism ofRY^giXIKo) inducing the Frobenius on cohomology. 

( ii) There are two functors RT — > C(K) 

andfunctorial quasi-isomorphisms with respect to maps of rigid triples 

l^^ng{X/K) <— RT ng{X)x p — > Rrng(X)x p . 

Proo/ See [BesOO, 4.9, 4.21, 4.22]. □ 

Remark 4.3. The building block of the construction is the functor Rrng{X/K)x p. That complex 
is constructed with a system of compatible resolution of the over-convergent de Rham complexes 
jjj-Q^ where ^ runs over all strict neighborhood of the tube of X. Using Godement resolution we 
can explicitly define 

Rrng(X/K)x,p := COlimr('W,Gdan;jfGdana:j/) 

where Gdan = Gdp,(t/). This will be an essential ingredient for achieving the main results of the 
paper. 

All the proofs of [BesOO, §4] work using this Godement complex. We recall that 

Rr,ig{X/K):^co\imRr,ig(X/K)x^^P^^ Rf,,g{X/K):^ colim Rr,,g{X/K)x^^p^ 

where SET^ and SET^^^ are filtered category of indexes. 

With some modifications we can provide a compact support version of the above functors. We 
just need to be careful in the choice of morphisms of rigid triples. 

Definition 4.4. Let (X,X, P), (Y, Y, Q) be two rigid triples and let / : X — > F be a morphism of 
^-schemes. Let F . U Qk be compatible with / (as in Def. 4.1). We say that F is strict if there 
is a commutative diagram 



]X[p > V < t(\]X[p 

I' I' k 



1^0 > ^ < "VXWIq 

where ^ is a strict neighborhood of ]F[q in ]Y[q 

It is easy to show that strict morphisms are composable. We denote by RT^. the category of rigid 
triples with proper morphisms which is the (not full) sub-category of RT with the same objects and 
morphisms pairs (/, F), where / is proper and f is a germ of a strict compatible morphism. 

Lemma 4.5. (i) Let {X,X, P) be a rigid triple and let 11 be a strict neighborhood of ]X[p. Then 

(ii) Let (Y, Y, Q) be another rigid triple, f : X ^ Y be a proper k-morphism and let F . 11 ^ Qk 
be a morphism of K-analytic space compatible with f and strict. Then there is a canonical 
map 

F* : GdanLjyj^Gdan^iQjj. -> /^.GdanLj-^jpGdanS^^ ■ 
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Proof, i) It is sufficient to note that Gdan(fi!^) is a complex of flasque sheaves and that a flasque 
sheaf is acyclic for Fj^j^ . Let F be a flasque sheaf on the rigid analytic space 14. By definition 
Fj^jp - Ker(a : F -> iJ*F). It is easy to check that W'iJ*F = for > 1. Hence RFj-^^pF s Cone(a : 
F — > ui*F)[-l]. But by hypothesis the map a is surjective so that Cone(a : F — > iJ*F)[-l] = 

ii) First consider the canonical pull-back of differential forms F* : Q.Qi^ FtQ.<u. Then by 
Lemma 3.2 we get a map Gdp,(Qjj)QQ^ — > F,Gd/),(^/)Q^/. Applying the functor Fj^j^ to the adjoint 
map we get rj^jpF~'Gdpf(Qjf)QQy — » T_^^^^Gdp,(<i()ilii . But the strictness of F implies that there is 
a canonical map f ^'Fj^j^ Ej^ip^ ' (see [LS07, Proof of Prop. 5.2.17]). Hence we have a map 
^ 'E]y[QGdpf(Q^)nQj. — > Y_^^^^Gdp,('U)Q.K. We can conclude the proof by taking the adjoint of this 
map and again applying Lemma 3.2. □ 

Proposition 4.6. ( i) There is a functor from the category of algebraic k-schemes with proper 
morphisms Schdk 

(Sch,/^)° ^ C(Kq) X /?Fng,,(X//:o) 

such that H' {Rrng,c(X / Ko)) = //^^ ^(X/ Ko). Moreover there exists a canonical a-linear endo- 
morphism ofRTng,c(X/KQ) inducing the Frobenius on cohomology. 

(ii) There are two functors RT^ — > C{K) 

andfunctorial quasi-isomorphisms with respect to maps of rigid triples 

Proof. In view of Lemma 4.5 it sufficient to mimic the construction given in [BesOO, 4.9, 4.21, 4.22] 
but using only proper morphisms of ^-schemes and strict compatible maps. In this case the functors 
used in the construction are 

RTng^c(X/K)x,p colimF('Z/,Gda„r,^fpGdani2:^) 

and 

RTrigAX/K) := colim Rr,,gAX/K)x^ p^ RTng^.iX/K) := colim Rr,,gAX/K)x^ p^ . 

□ 

Now we focus on de Rham complexes and we deal with smooth A'-algebraic schemes. Let X be 
a smooth algebraic /T-scheme. The (algebraic) de Rham cohomology of X is the hyper-cohomology 
of its complex of Kahler differentials H'^^{X/K) ;= H'{X, f2^^^) (See [Gro66b]). We can also define 
the de Rham cohomology with compact support (see [BCF04, §1]) as the hyper-cohomology groups 
Wij^^(X/K) := H'{X,lim„ J"Q.'^^^) where X ^ X is a smooth compactification and / is the sheaf 

of ideals associated to the complement X \ X (this definition does not depend on the choice of X 
[BCF04, Thr 1.8]). In order to consider the Hodge filtration on the de Rham cohomology groups 
we fix a normal crossings compactification g : X ^ Y and let D :- Y\Xhe the complement divisor 
(This is possible by the Nagata Compactification Theorem and the Hironaka Resolution Theorem, 
see [Del71, §3.2.1]). We denote by the de Rham complex of Y with logarithmic poles along 

D (in the Zariski topology) (See [Jan90, 3.3]). Let / c (9y be the defining sheaf of ideals of D. 

Proposition 4.7. With the above notations 

( i) there is a canonical isomorphism 

H'^^(XIK) - H'{ Y, Q- (D)) (resp. H'^^^X) - H'{Y, m'yiD))) . 

( ii) The spectral sequence 

degenerates at IforD.' - 0*(£)), /0*<D). 
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(Hi) The filtration induced by the above spectral sequence on H'^^(X) (resp. H'^^^(X)) is indepen- 
dent by the choice ofY. Namely 

F^H^^iX) - H\Y, cr^-'Q* (D» {resp. H[^ ^{X) H'{Y cr^^ ID.'y{D))) 

where cr-' is the stupid filtration. 

Proof. Using the argument of [Del71, 3.2.1 1] we get the the independence of the choice of Y. The 
same holds for H'^^ JJC) . 

Since our base field K is of characteristic we can find an embedding r : — > C. Then by 
GAGA we get an isomorphism of filtered vector spaces H'{Y, Q.'y{D)) - H'(Yi,, fi*^ (Ai)) (resp. 
H'iY, /Q* <D» (g)jf C = H'(Yh,Ih^Y,S^h))), where i-)h is the complex analytification functor and 
is the defining sheaf of D/,. Thus we conclude by [Del71, §3] (resp. [PS08, Part 11, Ex. 7.25] for the 
compact support case). □ 

Remark 4.8. The degeneracy of the spectral sequence in (ii) of the above proposition can be proved 
algebraically ([D187]). We don't know an algebraic proof of the isomorphism in (i). 

In the sequel a morphism of pairs {X, Y) as above is a commutative square 




We say that the morphism is strict if the square is cartesian. 

The complex Q* (D) (resp. (D)) is a complex of Zariski sheaves over Y functorial with respect to 
the pair {X, Y) (resp. strict morphisms of pairs). We can construct two different (generalized) Gode- 
ment resolutions (see § 3): one using Zariski points; the other via the A'-analytic space associated to 
Y. 

We will write Pt{Y) = f'f(i'zai) for the set of Zariski points of Y with the discrete topology; PtiY^n) 
for the discrete site of rigid points (Def. 3.6) of Y^n', Pt{Ydn) LI Pt{Y) is the direct sum in the category 
of sites. 

Proposition 4.9. With the notations of Prop. 4.7 let w : Fan — > i'zai be the canonical map from the 
rigid analytic site to the Zariski site ofY. Then for any Zariski sheaf Q. on Y there is a diagram 

Gdft(y)(0) <- Gdp,(y^,„,uft(F)(i^) w.Gd/>,(r.,„)(w*Q) 

If we further consider — Q.y{D} (resp. Q = ID.'y{D)), then the diagram is functorial with respect 
to the pair {X, Y) ( resp. (X, Y) and strict morphisms). The same holds true with Gd^ instead o/Gd?. 

Proof. The first claim follows from Lemma 3.2 applied to the following commutative diagram of 
sites 

Pt(Y,n) ^ Pt(Y,,) U Pt{Y) ^ Pt(Y) 



with respect to the canonical map Q — > w,w*Q. 

The second claim follows from the functoriality of the complex Q* (£)) (resp. /Q* (D)). □ 

Proposition 4.10. ( i) Let g : X ^ Y be a normal crossing compactification as in Prop. 4. 7. Then 
there is a quasi isomorphism of complexes of sheaves 

Q.\{D) -> GAl,^y^(Q.'y{D)) (resp. m\{D) GAl,^y^m\{D)) 

and the stupid filtration on Q.'y{D) (resp. IQ.y{D}) induces a filtration on the right term of the 
morphism. 
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(ii) Let Sm/K (resp. Snic/K) be the category of algebraic and smooth K-schemes (resp. with 
proper morphisms). Let the derived category of the exact category of filtered vector 

spaces. Then there exist two functors 

RTi^i-) : (Sm/Kf -> D'^^{K) RT^rA-) ■ iSmJKy ^ O'^^iK) 

such thatRTaAX) = ^{Y,Gd%^Y^{Q.^Y{D})), RT^rA^) = r(y, Gd>,(j,)/Q* (D)), with the same 
notation of (i). 

(Hi) The filtered complexes 7?r(jR(X), RTdji ci^) ore strict (see 2.3). 

Proof, i) This follows directly from the definition of Godement resolution. 

ii) This follows from the functoriality of the Godement resolution with respect to morphism of 
pairs and [Del71, 3.2.1 1] or [Hub95, Lemma 15.2.3] for the compact support case. 

iii) This follows by [PS08, Part II, §§4.3, 7.3.1]. □ 



5 Syntomic cohomology 

In this section we construct the p-adic Hodge complexes needed to define the rigid syntomic co- 
homology groups (also with compact support) for a smooth algebraic X^-scheme. The functoriality 
will be a direct consequence of the construction. 

Lemma 5.1. Let f : ^ ^ 'f be a morphism of schemes and let Z c be a closed sub-scheme 
of the generic fiber of Then there exists a unique 3f <Z ^ closed sub-scheme which is fiat over 
and which satisfies 5x = Z. Thus, is the schematic closure ofZ in 36' . 

Proo/ See [EGA4.3, 2.8.5]. □ 

Proposition 5.2. Let ,9^ be a smooth scheme over Y. Then there exists a generic normal crossings 
compactification, i.e., an open embedding g : — > ^ such that: 

( i) is proper over ; 

( ii) 'Wk is smooth over K; 

( iii) C '3^K is a normal crossings divisor, where '3 — W \ X . 

Proof. First by Nagata (see [Con07]) there exists an open embedding — » Y, where F is a proper 
/T-scheme. By the Hironaka resolution theorem we can assume that 7 is a smooth compactification 
of with complement a normal crossings divisor Now we can define S^' to be the glueing of 
J?r and Y along the common open sub-scheme ,9^,'K■ These schemes are all of finite type over Y . 
It follows from the construction that '3^' is a scheme, separated and of finite type over Y, whose 
generic fiber is Y. 

The Nagata compactification theorem works also in a relative setting, namely for a separated and 
finite type morphism: hence we can find a 1^-scheme which is a compactification of "3^' over Y . 
Then we get that an open and dense embedding h : - Y —> of proper /T-schemes. Hence h is 
the identity and the statement is proven. □ 

Remark 5.3. We can also give another proof of the previous proposition assuming an embedding 
in a smooth 1^-scheme. First by Nagata (see [Con07]) there exists an open embedding — > 
Now assume that ^ is embeddable in a smooth 7^-scheme W then by [Wlo05, Th. 1.0.2] we can 
get a resolution of the K-scheme 36^^ by making a sequence of blow-up with respect to a family of 
closed subset in good position with respect to the regular locus of !X k, in particular Z,- n J^Tj- = 0. 
One can perform the same construction directly over Y , replacing the closed Z, c Wk with their 
Zariski closure if/ in W . By hypothesis Z; c Wk \ hence its closure if/ is contained mW \ ^ 
and {3fi)K - Z,, by Lemma 5.1. The construction doesn't affect what happens on the generic fiber 
because the blow-up construction is local and behaves well with respect to open immersions (See 
[Har77, Ch.II 7.15]). This will give '3^ as in the proposition. 
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From now on we keep the notation of Prop. 5.2 with g : ^ ^ 'W being fixed. To simplify the 
notations we denote by X (resp. J/) the rigid analytic space associated to the generic fiber of X 
(resp. W), usually denoted by SC~^. Let w : J/ — » (?%)zar be the canonical map of sites. 
Sometimes we will simply write Gdan - Gdp,(i/), if the rigid space %l is clear from the context. 
Similarly we write Gdzai = Gdpf(x) to denote the Godement resolution with respect to Zariski points 
of a /iT-scheme X. 

Lemma 5.4. With the above notations we have the following morphisms of complexes of K-vector 
spaces 

a : r(J/,Gda„/'"Gda„w*Q:^^<f^;f)) ^ r(;\:, Gda„/'"Gda„ii;,) ^ RTnsi^k/K)^^^^ 

and 

b : r(J/,Gda„r]^i[Gda„W*/Q:^^,(^Jf)) r(^,Gdanrj^,[Gdann;,) ^ RU^A-^klK),j^^^. 

All the maps are quasi-isomorphisms. We denote by a (resp. b) the composition of the maps in the 
first ( resp. second) diagram 

Proof. By construction (see Remark 4.3 and Prop. 4.6) R^no{3^klK)aj/^ (resp. n^.d^kl ^ qy^ y) 
is a direct limit of complexes indexed over the strict neighborhoods of ] and X is one of them. 
Hence the map on the right (of both diagrams) comes from the universal property of the direct limit. 

For the map on the left consider first the canonical inclusion of algebraic differential forms with 
log poles into the analytic ones w*Q^^ (i^/f ) — > gT^x.- Lemma 3.2 we get a map Gd/),(j/)W*Q^^(^A:) 
g^Gdip,(X)^'x- Then applying the /' functor and noting that /'\gf = g™/' (see [LS07, 5.1.14]) 
one obtains a morphism /'Gdpf(j/)W*Q^^(i^/f) g™/'Gdp,(;^)f2^. This is what we need to apply 
Lemma 3.2 again and conclude the proof for the first diagram. 

For the second diagram one repeats the same argument using [LS07, 5.2.15]. □ 

Lemma 5.5. With the above notations we have the following morphisms of complexes of K-vector 
spaces 

a' ■ r(J/,Gd2„w*Q*^^,<^Jf)) -» r(J/,Gda„/'"Gda„w*Q-^^,(^Jf)) 

and 

b' : r(J/,Gdanr]5r,.[GdanW /Q'^^Xi^Jf)) ~^ , Gd^w' ICi'^^i^K}) ■ 

Proof. The map a' (resp. b') is induced by the canonical map Q — > /'Q (resp. r]af--^[Q. — > Q), 
where Q is an abelian sheaf on J/. In particular we consider Q = GdanW*Q^^(^A:)) (resp. Q = 
GdanW*/Q^ (^/f))). To conclude the proof apply the functor Gdan again and take global sections. 

□ 

- 5.6 (Construction). Now we put together all we have done getting a diagram, say RF'i^), of 
complexes of /T-vector spaces 



Rr,„(sr/Ko) Rr,,,{£ir/K)^^y^ r(j/,Gd:„w*ns,^<f?^» n'3^K,Gdl^^.^^n^,{&K)) n"jK,Gdl^n»,{&„}) 

where ai,a5,as, are the identity maps; a2,ai are the maps of Prop. 4.2; 0-4 is the composition of 
a o a' (see Lemma 5.4 and Lemma 5.5); and o-g, 0-7 are defined in Prop. 4.9. By repeatedly applying 
the quasi-pushout construction we obtain a diagram of the following shape 

RTngi^/Ko) RTKiJT) ^ RURi^T) . (3) 

It represents an object of pHC which we denote by Rr{^). 
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Similarly we can construct a p-adic Hodge complex i?rc(^) associated to the diagram /?r^(^) 
defined as follows 



ft AX ^ A A ^ >v ft X X A 



where fi\,fi^ are the identity maps; y62,y63 are the maps of Prop. 4.2; ^64 is the map of Lemma 5.4; 
ji$ — b' of Lemma 5.5; and jSe^ySv are defined in Prop. 4.9. Note that ySe is a quasi-isomorphism by 
GAGA. 

Proposition 5.7. LetSmjR (resp. SmdR) be the category of algebraic and smooth R-schemes (resp. 
with proper morphisms). The previous construction induces the following functors 

RTi-) : (Sm/ry -» pHD RT,(-) : (Smjr)° pHD 

Proof. Let f : ^ S^' be a morphism of smooth y^-schemes. To get the functoriality we just 
have to show that can find two gncd compactifications g : 3^ ^ '3/ and g' : X' — > 'W and a 
map /i ; ^ — » '3/^' extending /, i.e., hg - g'f. We argue as in [Del71, §3.2.11]. Fix two gncd 
compactifications g' : S(^' and I: !^ ^ S" . Then consider the canonical map — > iFx 

induced by I and g' f. Let ^ be the closure of X in 3f x and use the same argument as in the 
proof of Prop. 5.2 to get 'W which is generically a resolution of the singularities of ^ . Then by 
Prop. 4.9 and Prop. 4.2 we get the functoriality of RY{-). 

If we further assume / to be proper then we can apply the same argument in order to get the 
commutative square hg - g'f as above. Then by properness this square is also cartesian by [Hub95, 
Lemma 15.2.3]. From this fact and Prop. 4.6, 4.9 we obtain the functoriality of RTd—) with respect 
to proper maps. □ 

Definition 5.8. Let ^ be a smooth algebraic scheme over y . For any «, / integers we define the 

absolute cohomology groups of <^ 

^abs(-^' - Hom,,HD(K, RT(.r){i)[n]) (= H"{Y{K, RY{:^)m) ; (4) 

the absolute cohomology with compact support groups of ^ 

H'LA^^ - Hom,,„B(K, RTAa^){i}[n]) H"{T(K, /?r,( JTXO))) . (5) 

A direct consequence of the definition is the existence of the following long exact sequence 
which should be considered to be a p-adic analog of the corresponding sequence for Deligne- 
BeiUnson cohomology [Be];84, Introduction]. 

Proposition 5.9. With the above notation we have the following long exact sequences 
where h(x(), XdR) = {<P(Xq ) - p'xo, xo ® 1a: - spix^R)); 
where hjxo, XdR) = (Mxqo-) - p'xq, cosp{xQ ® 1;^) - XdR); 

Proof. By Prop. 2.10 the absolute cohomology is the cohomology of a mapping cone, namely 
r{K, RFi^t^)) (or FcCK, 7?r(^)) for the compact support case). The above long exact sequences 
are easily induced from the distinguished triangle defined by the term of the mapping cone (see Re- 
mark. 2.9 (iii)). Indeed, one need only note that the map c : RFngi^' / Kq) ^ K —> RYk{^) (resp. 
s : /?rdR( J^') — > RYk{^)) is a quasi-isomorphism. □ 
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Proposition 5.10. With the above notation there is a canonical isomorphism between the absolute 
cohomology we have defined and the ( rigid) syntomic cohomology ofBesser 

Proof. Besser defines a complex 

RrBes(=^, Cone(Rrrig( jr/ZTo) ® ra'RrdR( JT) ^ RTrfgC JT/ZSTo) ® RTrfgCJT //:))[- 1] 

and the syntomic cohomology groups (of degree n and twisted ;) by H"{W-r^s{^' ,i) (cf- [BesOO, 
Proof of Prop. 6.3]). Note that, modulo the choice of the flasque resolution, ET^giJ^ /Kq) = 
RF^gi^ / Kq) (the left hand side is the notation used by Besser with the bold R); the complex 
FU'ETiji^i,!^) is a direct limit over all the normal crossing compactifications of of complexes 
of the form r(Y, Gd^^Y^o-^'^yiD}), so that our F'RTif^i,!^) is an element of this direct limit. To 
conclude the proof, recall that by Remark 2.9 (iii) we obtain 

H^J3fr, i) = H"iConeiRrng{3r/Ko) ® F'RTd^(3^) ^ /?rng(^V^o) ® RTngi^T /K))[-l]) 

and it is easy to check that the maps in the two mapping cones are defined in the same way. □ 

Remark 5.11. The isomorphism H"{RTsyn{''^ J)) = Homp/fo(K,7?r(,^")(0[«]) can be viewed as a 
generalization of the result of Bannai [Ban02]. He considers only smooth schemes ^ with a fixed 
compactification ?V and such that \ ^ = is a relative normal crossings divisor over Y. More- 
over, Bannai's construction is not functorial with respect to functoriality holds only with respect 
to a so called syntomic datum. We should point out that the category defined by Bannai is en- 
dowed with a t-structure whose heart is the category MF^ of (weakly) admissible filtered Frobenius 
modules. In our case we don't have such a nice picture. 

Remark 5.12. The category of /7-adic Hodge complexes is not endowed with internal Hom. This 
is due to the fact that the Frobenius is only a quasi-isomorphism hence we cannot invert it. In 
particular this happens for the complex RFd^): thus we cannot define the dual RFd^^ 
WHom(Rr c{^), K) and an absolute homology theory as 

Hf\S^, i) HompHD(K,7;r,(^)^(-0[-n]) (cf. [Hub95, §15.3]). 

Nevertheless the usual adjunction between Hom and ® should give a natural isomorphism 

Hom,,HD(K,/?r,(jr)^) = nompHoiRTci^'XK) 

and the right term does makes sense in our setting. This motivates the following definition. 
Definition 5.13. With the notation of Def. 5.8 we define the absolute homology groups of as 

Hf\^, i) HompHo(^r,( Jf-), K(-0[-«]) (= //-"(r(7?r,( JT), K(-0))) . (6) 

6 Cup product and Gysin map 

We are going to prove that there is a morphism of /9-adic Hodge complexes 

RT{S^)®RYc{^) RT,{^) 

This induces a pairing at the level of the complexes computing absolute cohomology. The key 
point is the compatibility of the de Rham and rigid pairings with respect to the specialization and 
co-specialization maps. 

Let us start by fixing some notation. Let ^ be a smooth algebraic ^-scheme; g : ^ — > ^ be 
a gncd compactification; 2i - W \ ^ the complement; J/ is the rigid analytic space associated 
to the A'-scheme '3^k', as before we denote by w : J/ ^ ^k,zm the canonical morphism of sites (see 
notations after Prop. 5.2). For any -module F we denote its pull-back by w* . 



19 



Remark 6.1. (i) The wedge product of algebraic differentials induces the following pairing 
(ii) The analytification of gives a pairing 

Hence by [Ber97a, Lemma 2.1] we get the following pairing 

Prig : fw*D.rJ!/^{&K)®L\x,[>v*I^?!^A^K) T^sc.ym^AS^K) ■ 
Lemma 6.2 (Sheaves level). The following diagram commutes 



■ GdanT,^ ,Gda„(w*m<%<f^^» 



Gdljyv*^fvA^K)) ® Gd,,T^ ^^^Gd,,{w*m?y,{&K)) — 

Gda„/'"Gd,n(w*ni?i,<f^;r)) ® Gda„r, 3,^jGd,n(w*/Ogy,(^i,)) 

where m :— p^g o (j^ ^ I) by definition. 

Proof. The bottom square commutes by construction. Also we get p^g o (/'" igi 1) = w*pdR restricted 
to w*Q<%.(^^> (g) r^^^^w*ID.s,^{^K}- □ 

Proposition 6.3. Let ^ be a smooth Y -scheme. Then there exists a morphism of p-adic Hodge 
complexes 

71 : RY{3^)®RT,( ^) ^ RY,{3t:) 

which is functorial with respect to ^ (as a morphism in pHD). Moreover taking the cohomology of 
this map we get the following compatibility 



id ®cosp 



.?p®id 



cosp 

id 



Proof. It is sufficient to provide a pairing of the enlarged diagrams (see Remark 2.12). Thus we have 
to define a morphism of diagrams ji' : Rr'(^) ^Rr'^(^) RY[.{,'S^) (notations as in § 5.6). Then 
it is easy to construct ji' using the previous lemma and the compatibility of the Godement resolution 
with the tensor product. □ 

Corollary 6.4. There is a functorial pairing (induced by n of the previous proposition) 

H'L(^, ® KU^^ J) - HZK^^ i + ■ 

Proof. Consider the pairing of the Prop. 6.3. It induces a morphism RY{,9!^'){i) ® RFd^Xj) — > 
RTc{3^){i + j). We then get the corollary by Def. 5.8 and Lemma 2. 1 1. □ 

Proposition 6.5 (Poincare duality). Let 2^ be a smooth and algebraic "V -scheme of dimension d. 
Then there is a canonical isomorphism 

i/l(jr,o^<;:„(^,j-o. 
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Proof. By definition (see equations (4)and (6)) it is suflicient to prove that the complex r(K, RT{ ^)) 
is quasi-isomorphic to the diagram TiRVci^), K[-2d]{-d)). 
First recall that T{K,RT( .T)) is defined as 

Cone(Rrng{3i:/Ko)®RTK(^) ® F^RTiT^i^) ^ RTng(3: /Kq) ® RTk(^) ® RYk(^))[-1] 

where iA(xo, xk, XdR) = {(pixo) - xq, c{xo (g) id^-) - xk, xk - sixdR)). In order to define the desired map 
we need to modify this complex replacing RFKi^) with RTiRi^) as follows 

Cone(/?rrig( JT/ZTo) ® ^rdR(^) ® F'-^RFi^i^) ^ RTngi^/Ka) ® RVKi^') ® RYaR(3r))[-l] 

where i//'{x(), x'^^, XdR) = {(p{xQ) - xq, c{xq ® iAk) - s{x'^^, x'^^ - XdR). It is easy to see that this new 
complex, call it M*, is quasi-isomorphic to r(K, RY{Xy). 

Recall that the filtered complex ^rdR,c(>^ ) is strict, so that the truncation t>2aR^ ss.,c{^) is the 
usual truncation of complexes of /T-vector spaces (see lemma 2.6 (iii) and remark 2.3). Then the 
cup product induces a morphism of complexes M' — » Y{R^ c{3^'), T>2xiR^ d^)) which is a quasi- 
isomorphism by the Poincare duality theorems for rigid and de Rham cohomology (see [Ber97a], 
[Hub95]). Explicitly this map is induced by the following commutative diagram 

i?r„g( jr/^o) e RY,^{X) e F^RV^^iS:) ^ Hom^^lWo, -r>2iN^) e Hom-,(A'^, t>iciNk) ® Yiom^N^^, t^_iciNa^) 

RT,,^{.a^lKo) e RT,,,{a:iK) © RTi^i^) Hom^^ T>2dNo) ® nom'^iNng, T>2dNK) ® Hom;;.(A'dR, T>2dNK) 

where ;= RFci^); 

^ihjK, dR) = (0,. o fl^ -foo(p^,co (/o (gi id/f) - /k °c,fK ° s - s o XdjCl ; 
a(xo, x^^, XdR) : (yQ,yK,ydR) i-» (xo U yo, s{x'^j^) U yK, XdR U jdR) ; 

I3(X0, Xng, X^r) : (yO-Jrig-ydR) l-» (xq U (pc(yo),Xng Uyrig, JCdR UjdR) ■ 

To conclude the proof it is sufficient to apply the exact functor riRVd,!^), -) to the following 
quasi-isomorphisms 

T>2dRT'c(^) ^ H^''(RT,{^))[-2d] ^ K(-d)[-2d] . 

□ 

Remark 6.6. We would like to point out some technical issues regarding Poincare duality in syntomic 
cohomology. 

(i) If it were possible to define an internal Hom in the category pHC of /9-adic Hodge complexes 
(see Remark 5.12), then by Prop. 6.3 one would obtain the following natural isomorphism 

Rr{^)(d)[2d] s RTci^y 

in the triangulated category pHD, where Rrc{.^y := miompHciRTA-^),^) is the dual of 
RY,(^). 

Then one would get the duality by adjunction 

HompTO(K,7?r(X)(/)[«]) s Hom^™(K,/?r,(X)^(/-^f)[«-2c/]) s nompHD(R^c{X)(d-i)[2d-n],K) . 

(ii) The Grothendieck-Leray spectral sequence for absolute homology is 

EP'" = nompHD(H-''(RT,i^)m-pW, 
and it degenerates to the short exact sequences 

^ nompHD(H"iRrc(.r)(i)),K) ^ Hri^J) ^ nompHD(H"^\Rrc(.r)(i)),K[U) ^ o . 



21 



It follows directly from Prop. 2.10 that the group HompHo(i/"(7?rc(^)(;)), K) is 

{(xo,XdR) E H'l^/JirjKor X (H'^^/J^K)/F'^'r : (xq ® Ik) = ^dR ° co^;,, xq o 0, = . 

In cohomology the Frobenius is an invertible, hence the equation xq - p'xq is equivalent to 
Xo = p'xg0j' where the latter is the formula for the Frobenius of internal 'Hom(ff|g^(^),/r(-0) 
in the category of isocrystals (i.e., modules with Frobenius). Hence by Poincare duality for 
rigid cohomology we get </>((xq)°") = p'^^'x^, x^ e H^g "{^k/Ko) is the cohomology class 
corresponding to xq, where <p is the Frobenius of H^~"{S^kl Kq). 

(iii) The absolute homology is defined via the complex RVd ^), but it is not clear how to relate it 
to the dual of the absolute cohomology with compact support. 

Corollary 6.7 (Gysin map). Let f : J^" '3^ be a proper morphism of smooth algebraic 'V -schemes 
of relative dimension d and e, respectively. Then there is a canonical map 

f.:Hl^{^J)^H'£\'3^,i + c) 

where c — e — d. 

Proof. This is a direct consequence of the previous proposition and the functoriality of RTd^) 
with respect to proper morphisms. □ 

Remark 6.8. With the above notations we get a morphism of spectral sequences 

g : £f' (^) := nomi,„D(K,H''(,3^m[p]) ^ E^j'^^'i^V) UompHoiK H^^^{^m[p]) 

compatible with /, . The map g is induced by the Gysin morphism in de Rham and rigid cohomology. 
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